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Abstract
Let X denotes a set of non-negative integers and P(X) be its power
set. An integer additive set-labeling (IASL) of a graph G is an injective
set-valued function f : V (G) → P(X) − {∅} such that the induced function
f+ : E(G)→ P(X)− {∅} is defined by f+(uv) = f(u) + f(v); ∀uv ∈ E(G),
where f(u)+f(v) is the sumset of f(u) and f(v). An IASL of a signed graph
is an IASL of its underlying graph G together with the signature σ defined
by σ(uv) = (−1)|f+(uv)|; ∀uv ∈ E(Σ). In this paper, we discuss certain
characteristics of the signed graphs which admits certain types of integer
additive set-labelings.
Key words: Signed graphs; balanced signed graphs; clustering of signed graphs;
integer additive set-labeled signed graphs; arithmetic integer additive set-labeled
signed graphs.
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2 Some New Results on Integer Additive Set-Valued Signed Graphs
1 Introduction
For all terms and definitions, not defined specifically in this paper, we refer to
[4, 7, 14] and for the terminology and results in the theory of signed graphs, see
[2, 5, 8, 15, 16]. Unless mentioned otherwise, all graphs considered here are simple,
finite and have no isolated vertices.
A set-labeling of a graph G can generally be considered as an assignment of the
vertices of a graph to the subsets of a non-empty set X in an injective manner such
that the set-labels of the edges of G are obtained by taking the symmetric difference
the set-labels of their end vertices. Some studies on set-labeling of signed graphs
has been discussed in [3] and that of signed digraphs has been done in [1].
The sum set (see [9]) of two sets A and B, denoted by A + B, is defined as
A+ B = {a+ b : a ∈ A, b ∈ B}. Let N0 be the set of all non-negative integers and
let X be a non-empty subset of N0. Using the concepts of sumsets, we have the
following notions as defined in [6, 10].
Definition 1.1. [6, 10] An integer additive set-labeling (IASL, in short) is an injec-
tive function f : V (G)→ P(X)−{∅} such that the induced function f+ : E(G)→
P(X) − {∅} is defined by f+(uv) = f(u) + f(v) ∀uv ∈ E(G). A graph G which
admits an IASL is called an integer additive set-labeled graph (IASL-graph).
Definition 1.2. [6, 10] An integer additive set-indexer (IASI) is an injective func-
tion f : V (G) → P(X) − {∅} such that the induced function f+ : E(G) →
P(X) − {∅} is also injective. A graph G which admits an IASI is called an in-
teger additive set-indexed graph (IASI-graph).
The cardinality of the set-label of an element (vertex or edge) of a graph G is
called the set-indexing number of that element.
1.1 Signed Graphs and Their IASLs
A signed graph (see [15, 16]), denoted by Σ(G, σ), is a graph G(V,E) together with
a function σ : E(G)→ {+,−} that assigns a sign, either + or −, to each ordinary
edge in G. The function σ is called the signature or sign function of Σ, which is
defined on all edges except half edges and is required to be positive on free loops.
An edge e of a signed graph Σ is said to be a positive edge if σ(e) = + and an
edge σ(e) of a signed graph Σ is said to be a negative edge if σ(e) = −.
A simple cycle (or path) of a signed graph Σ is said to be balanced (see [2, 8]) if
the product of signs of its edges is +. A signed graph is said to be a balanced signed
graph if it contains no half edges and all of its simple cycles are balanced.
It is to be noted that the number of all negative signed graph is balanced if and
only if it is bipartite. The notion of a signed graph that is associated to a given
IASL-graph has been introduced as follows.
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Definition 1.3. [13] Let Σ be a signed graph, with underlying graph G and sig-
nature σ. An injective function f : V (Σ) → P(X) − {∅} is said to be an integer
additive set-labeling (IASL) of Σ if f is an integer additive set-labeling of the un-
derlying graph G and the signature of Σ is defined by σ(uv) = (−1)|f+(uv)|.
A signed graph which admits an integer additive set-labeling is called an integer
additive set-labeled signed graph (IASL-signed graph) and is denoted by Σf . If the
context is clear, we can represent an IASL-signed graph by Σ itself.
Some interesting studies on the signed graphs which admit different types of
integer additive set-labelings have been done in [13]. Motivated by the above men-
tioned studies, in this paper, we further study the characteristics of signed graphs
which admits certain other IASLs.
2 Arithmetic IASL-Signed Graphs
By saying that a set is an arithmetic progression, we mean that the elements of
that set is in arithmetic progression. The notion of an arithmetic integer additive
set-labeling (AIASL) of a given graph was introduced in [11] as given below.
Definition 2.1. [11] An arithmetic integer additive set-labeling of a graph G is
an integer additive set-indexer f of G, with respect to which the set-labels of all
vertices and edges of G are arithmetic progressions. A graph that admits an AIASL
is called an arithmetic integer additive set-labeled graph(AIASL-graph).
If the context is clear, the common difference of the set-label of an element of
G can be called the common difference of that element. The deterministic ratio of
an edge of G is the ratio, k ≥ 1 between the common differences of its end vertices.
The following theorem is a necessary and sufficient condition for a graph G to admit
an arithmetic integer additive set-labeling.
Theorem 2.1. [11] A graph G admits an arithmetic integer additive set-labeling
f if and only if for every edge of G, the set-labels of its end vertices are arith-
metic progressions with common differences du and dv such that du ≤ dv and its
deterministic ratio dv
du
is a positive integer less than or equal to |f(u)|.
The following theorem discussed the cardinality of the set-label of the edges of
an arithmetic integer additive set-labeled graph.
Theorem 2.2. [11] Let f be an integer additive set-labeling of a graph G. Then,
the set-indexing number of any edge uv of G, with du ≤ dv, is given by |f(u)| +
dv
du
(|f(u)| − 1).
All set-labels mentioned in this section are arithmetic progressions so that the
given signed graph Σ admits an arithmetic integer additive set-labeling. Invoking
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the above results, we establish the following theorem for an edges of an AIASL-
graph to be a positive edge.
Theorem 2.3. Let Σ be a signed graph which admits an AIASL f . Then, an edge
uv is a positive edge of an IASL-signed graph if and only if
(i) the set-labels f(u) and f(v) are of different parity, provided the deterministic
ratio of the edge uv is odd.
(ii) the set-label of the end vertex, with minimum common difference, is of even
parity, provided the deterministic ratio of the edge uv is even.
Proof. By Theorem 2.3, the set-indexing number of uv is given by |f(u)|+k(|f(v)|−
1). Note that the edge uv is a positive edge of Σ if and only if the value of |f(u)|+
k(|f(v)| − 1) is a positive integer.
Case-1 Assume that the deterministic ratio of an edge uv of Σ is k = dv
du
, an
odd positive integer.
Let f(u) and f(v) be of different parity. If f(u) is of even parity and f(v) is
of odd parity, then |f(v)| − 1 is even and hence k(|f(v)| − 1) is an even integer.
Therefore, (|f(u)|+ k(|f(v)| − 1)) is an even integer and hence the signature of the
edge uv is positive. If f(u) is of odd parity and f(v) is of even parity, then |f(v)|−1
and hence k(|f(v)|− 1) are odd integers. Hence, (|f(u)|+k(|f(v)|− 1)) is even and
hence σ(uv) is positive.
Next, assume that f(u) and f(v) are of same parity. If f(u) and f(v) are of
odd parity, then |f(v)| − 1 is even and hence k(|f(v)| − 1) is also an even integer.
Therefore, (|f(u)|+k(|f(v)|−1)) is odd and σ(uv) is negative. If f(u) and f(v) are
of even parity, then |f(v)| − 1 and hence k(|f(v)| − 1) are odd integers. Therefore,
(|f(u)|+ k(|f(v)| − 1)) is odd and uv is a negative edge of G.
Hence, any edge of an AIASL-signed graph Σ is a positive edge if and only if
the set-labels of its end vertices are of the different parity.
Case-2 : Let the deterministic ratio k of the edge uv is an even. Then, k(|f(v)|−
1) is always even irrespective of the parity of the set-label f(v). Hence, (|f(u)| +
k(|f(v)| − 1)) is even only when |f(u)| is even. Therefore, σ(uv) is positive if and
only if |f(u)| is even.
The following theorem establishes a necessary and sufficient condition for an
AIASL-signed graph to a balanced signed graph.
Theorem 2.4. An AIASL-signed graph Σ is balanced if and only if its underlying
graph G is bipartite.
Proof. First assume that the underlying graph G of a given signed graph is bipartite.
Let (V1, V2) be a bipartition of G. Then, label the vertices of G in such a way
that all vertices in the same partition have the same parity set-labels (arithmetic
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progressions). Here note that all edges in Σ now have either positive signature
simultaneously or negative signature simultaneously. Since all cycles in Σ are even
cycles, in all possible cases, the number of negative edges in each cycle will always
be even. Hence, Σ is balanced.
Conversely, assume that the AIASL-signed graph is balanced. If possible, let
the underlying graph G be non-bipartite. Then, G contains some odd cycles. Let
C : v1v2v3 . . . vnv1 be one odd cycle in G. Label the vertices of G by certain
arithmetic progressions in such a way that there exists minimum number of different
parity set-labels. This can be done by labeling any two adjacent vertices by different
parity sets. In this way, we can see without loss of generality that the vertices
v1, v3, v5, . . . , vn−2 have the same parity set-labels, say odd parity set-labels. Hence,
the vertices v2, v4, v6, . . . , vn−1 have even parity set-labels. If vn has an odd parity
set-label, then the edge vnv1 is the one only negative edge of G and if vn has an
even parity set-label, then the edge vn−1vn is the one only negative edge of G.
Moreover, if the parity of any one vertex, say vi is changed, then the set-labels of
vertices vi−1, vi, vi+1 become same parity sets and hence the signature of two edges
vi−1vi and vivi+1 become negative, keeping the number of negative edges in Σ odd.
This is a contradiction to the hypothesis that Σ is balanced. Hence, G must be
bipartite.
3 AIASL of Certain Associated Signed Graphs
An IASL of signed graph Σ is said to induce the IASL f of Σ on its associated
graphs if the following general conditions are hold.
(i) the set-labels of corresponding elements of the graph and the associated graphs
have the same set-labels,
(ii) If a new edge (which is not in Σ) is introduced in the associated graph, then
the set-label and signature of that edge is determined by corresponding rules,
(iii) if one edge of Σ is replaced by another vertex (not in Σ) in the associated
graph, then the new vertex is given the same set-label of the removed edge.
In this section, we discuss the induced characteristics of certain signed graphs
associated with the AIASL-signed graphs.
Remark 3.1. Let Σ′ be a signed subgraph of a balanced AIASL-signed graph Σ
given by Σ′ = Σ− v, where v is an arbitrary vertex of Σ. If v is not in any cycle of
Σ, then the removal of v does not affect the number negative edges in the cycles of
Σ. If v is in a cycle C of Σ, then the removal of v makes C − v acyclic. In this case
also, removal of v does not affect the number negative edges in the cycles of Σ− v.
Then, Σ′ is balanced whenever Σ is balanced.
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A spanned signed subgraph Σ′ of a signed graph Σ is a signed graph which
preserves signature and whose underlying graph H is a spanning subgraph of the
underlying graph G of Σ. The following result is an obvious and immediate from
the corresponding definition of the balanced signed graphs.
Remark 3.2. Let Σ′ be a spanned signed subgraph of a balanced AIASL-signed
graph Σ. Then, Σ′ is balanced with respect to induced labeling and signature if
and only if the following conditions are hold.
(i) the set E(Σ \ Σ′) contains even number of negative edges in Σ, if the signed
graph Σ is edge disjoint.
(ii) the set E(Σ \ Σ′) contains odd number of negative edges in Σ if some of the
negative edges are common to two more cycles in Σ.
A subdivision signed graph of a graph G is the graph obtained by introducing a
vertex to some or all edges of G. It is to be noted that the set-label of this newly
introduced vertex is the same as that of the edge in Σ to which it is introduced. In
view of this fact, the following theorem checks whether a signed graph obtained by
subdividing some or all edges of a balanced AIASL-signed graph Σ to be balanced.
Theorem 3.1. A signed graph Σ′ obtained by subdividing an edge e of a balanced
AIASL-signed graph Σ is a balanced under induced set-labeling if and only if e is a
cut edge of Σ.
Proof. Let Σ be a balanced AIASL-signed graph and let e = uv be an arbitrary
edge of Σ. If e is a cut edge of Σ, then it is not contained any cycle of Σ. Hence, the
cycles in Σ′ correspond to the same cycles in Σ. Therefore, subdividing the edge
e will not affect the number of negative edges in any cycle of Σ′. Therefore, Σ′ is
balanced.
Now assume that a signed graph Σ′ obtained by subdividing the edge of Σ is
balanced under induced set-labeling. If possible, let e be not a cut-edge of G, Then
it is contained in a cycle C of Σ. Now, introduce a new vertex w into the edge uv.
Then, the edge uv will be removed and two edges uw and vw are introduced to Σ
and the vertex w has the same set-label of the edge uv. Here, we need to consider
the following cases.
Case-1 : Let u and v have the same parity set-labels. Then, the edge uv has
an odd parity set-label in Σ and hence the new vertex w in Σ′ has an odd parity
set-label and negative signature. Hence, we have the following subcases.
Subcase-1.1 : If both u and v have odd parity set-labels, the edges uw and vw
are negative edges in the corresponding cycle C ′ in Σ′. Therefore, C ′ contains odd
number of negative edges, a contradiction to our hypothesis.
Subcase-1.2 : If both u and v have odd parity set-labels, the edges uw and vw
are positive edges in the corresponding cycle C ′ in Σ′. Therefore, the number of
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negative edges in C ′ is one less than that of the corresponding cycle C in Σ, a
contradiction to our hypothesis that Σ′ is balanced.
Case-2 : Let u and v have different parity set-labels. Then, the edge uv has
an even parity set-label in Σ and hence the new vertex w in Σ′ has an even parity
set-label and positive signature. Without loss of generality, let u has even parity
set-label and v has odd parity set label in Σ. Then, the edges uw is a negative
edge and the edge vw is a positive edge in Σ′. It can be noted that the cycle C ′
contains one negative edge more than that in the corresponding cycle C in Σ. It
is also a contradiction to the hypothesis. In all possible cases, we get contradiction
and hence the edge e must be a cut edge of Σ. This complete the proof.
A signed graph Σ′ is said to be homeomorphic to another signed graph Σ if
Σ′ is obtained by removing a vertex v with d(v) = 2 and is not a vertex of any
triangle in Σ, and joining the two pendant vertices thus formed by a new edge.
This operation is said to be an elementary transformation on Σ. The following
theorem discusses the balance of a signed graph that is homeomorphic to a given
balanced AIASL-signed graph Σ.
Theorem 3.2. A signed graph obtained from a balanced AIASL-signed graph Σ by
applying an elementary transformation on a suitable vertex v of Σ is a balanced
signed graph with respect to induced set-labeling if and only if the vertex v is not in
any cycle in Σ.
Proof. Let Σ be a balanced AIASL-signed graph and let v be any vertex of Σ with
degree 2 and is not in any triangle in Σ. Also, let Σ′ be a signed graph obtained
from Σ by applying an elementary transformation on v.
Since d(v) = 2, it is adjacent to two vertices, say u and w in Σ. If v is not in
any cycle in Σ, then the number of negative edges in any cycle of Σ and hence the
number of negative edges in the corresponding cycles in Σ′ will not be affected by
the elementary transformation on v. Therefore, Σ′ is balanced.
Conversely, assume that v is a vertex of a cycle C in Σ. Then we need to consider
the following cases.
Case-1 : Let u and w have same parity set-labels. Here we have the following
subcases.
Subcase-1.1 : If the set-label of v and the set-label of u and w are of the same
parity, then the edges uv and vw are negative edges in C of Σ and the edge uw
is a negative edge in the corresponding cycle C ′ in Σ′. Therefore, C ′ contains one
negative edge less than that of C in Σ. Hence, in this case, Σ′ not balanced.
Subcase-1.2 : If the parity of the set-label of v is different from that of the set-
labels of u and w, then the edges uv and vw are positive edges in the cycle C of
Σ. But, the edge uw is a negative edge in the corresponding cycle C ′ of Σ′. Hence,
the cycle C ′ contains one negative cycle more than that of the corresponding cycle
C in Σ. Therefore, in this case also, Σ′ not balanced.
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Case-2 : Let u and w have different parity set-labels. Then, the set-label of v
and the set-label either u or v are of the same parity. Without loss of generality,
let the set-labels of u and v be of the same parity. Then, the edge uv is a negative
edge and vw is a positive edge in the cycle C of Σ. But, since u and v have different
parity set-labels, the edge uw is a positive edge in the corresponding cycle C ′ of Σ′.
Hence, the cycle C ′ contains one negative cycle less than that of the corresponding
cycle C in Σ. Therefore, Σ′ not balanced. This completes the proof.
4 Conclusion
In this paper, we discussed the characteristics and properties of the signed graphs
which admits arithmetic integer additive set-labeling with a prime focus on the
balance of these signed graphs. There are several open problems in this area.
Some of the open problems that seem to be promising for further investigations
are following.
Problem 1. Discuss the k-clusterability of different types of IASL-signed graphs
for k > 2.
Problem 2. Discuss the balance and 2-clusterability and general k-clusterability
of other types of signed graphs which admit different types of arithmetic IASLs.
Problem 3. Discuss the balance and 2-clusterability and general k-clusterability
of graceful, sequential and topological IASL-signed graphs.
Problem 4. Discuss the admissibility of AIASLs by the signed graphs obtained
from the AIASL-signed graphs by finite number of edge contractions.
Problem 5. Discuss the admissibility of AIASLs by the signed graphs whose un-
derlying graphs are the line graphs and total graphs of the underlying graphes of
certain AIASL-signed graphs.
Further studies on other characteristics of signed graphs corresponding to dif-
ferent IASL-graphs are also interesting and challenging. All these facts highlight
the scope for further studies in this area.
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